This work is an extension to the evaluation and analysis of a two-dimensional cylindrical cloak in the Terahertz or visible range spectrum using Finite Difference Time-Domain (FDTD) method. It was concluded that it is possible to expand the frequency range of a cylindrical cloaking model by careful scaling of the inner and outer radius of the simulation geometry with respect to cell size and/or number of time steps in the simulation grid while maintaining appropriate stability conditions. Analysis in this study is based on a change in the radii ratio, that is, outer radius to inner radius, of the cloaking structure for an array of wavelengths in the visible spectrum. Corresponding outputs show inconsistency in the cloaking pattern with respect to frequency. The inconsistency is further increased as the radii ratio is decreased. The results also help to establish a linear relationship between the transmission coefficient and the real component of refractive index with respect to different radii ratios which may simplify the selection of the material for practical design purposes. Additional performance analysis is carried out such that the dimensions of the cloak are held constant at an average value and the frequency varied to determine how a cloaked object may be perceived by the human eye which considers different wavelengths to be superimposed on each other simultaneously.
Introduction
As recent as a decade ago, the idea of making something invisible seemed fitting to the world of fiction only but some revolutionary work in the field of artificially engineered materials called "metamaterials" is gradually bringing this idea into the real world scenario. Metamaterials consist of periodically or randomly structured subunits whose size and separation are much smaller than the wavelength of an electromagnetic field. Consequently, microscopic details of individual structure elements cannot be sensed by the field, but the average of the assembly's collective response matters. The electromagnetic response of this kind of material can be characterized by an effective relative permittivity and permeability. What makes the metamaterials attractive is the fact that the effective permeability can have nonunity and even negative values at the optical wavelengths. In addition, the effective material parameters can be controlled using properly designed structures [1] and suitable materials [2] .
The implications of the practical realization of such a system is vast and thus a matter of great interest to researchers. Practical designs [3] [4] [5] have already been made and different methods of analysis used for such designs. An increasingly popular numerical method due to its simplicity yet accurate outputs is the Finite Difference Time-Domain method.
Materials and Methods

Metamaterial Cloaking.
Cloaking is the ability to make a region of space, and everything in it, invisible to an external observer. A true cloak allows the clear observation of the space behind the cloaked region, and the cloaked region casts no shadow and produces no wavefront changes in the light that has passed through the cloaked region. Cloaking cannot be achieved with materials that exist in nature as they are unable to exhibit negative permittivity and permeability which would lead to a negative index of refraction. Negative Yee's arrangement of field components in a cubic lattice [9] .
refractive index is necessary for the way in which light needs to turn around the object that has to be cloaked. A probable solution to this requirement is the use of mematerials. A metamaterial is an artificially structured material which attains its properties from the unit structure rather than the constituent materials. An ordinary material responds to an electric or magnetic field according to the polarization of the atoms and molecules in that material. The structural units of metamaterials can be tailored in shape and size, their composition and morphology can be artificially tuned, and inclusions can be designed and placed in a predetermined manner to achieve prescribed functionalities [3] . In metamaterials, the atoms and molecules are replaced by slightly larger elements which have a physical structure of their own. The response of atoms and molecules is duplicated using tiny circuits [6] .
Finite Difference Time-Domain
Cloaking Using a Cylindrical Structure. The Finite-Difference Time-Domain (FDTD) method achieved discretization of Maxwell's equations in the space and time dimensions. The method is able to solve Maxwell's equations in the time domain for complex structures and geometries [7, 8] . Simulation of electromagnetic waves is made possible by creating a cubic lattice and assigning a staggered arrangement of and components to the nodes such as the one shown in Figure 1 . The construction, operation, and characteristics of a 2D cylindrical cloaking structure have been extensively studied in [2, [10] [11] [12] . For such a cloaking structure in the Transverse Electric (TE) mode, the customized equations for and are [12] +1 = (
where
here, is the electric flux density, is the plasma frequency, is the collision frequency, and Δ is the size of each time step in the FDTD grid.
Similarly, the magnetic field strength, can be calculated using
The FDTD model in [13, 14] uses the TM mode for cloaking. The cloaking parameters are therefore described by
where and are the inner and outer radius, respectively, of the cylindrical cloak and is an arbitrary radius within these two boundary values. , , and can be calculated from corresponding flux densities equations:
The index of refraction was calculated from
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where is the angular frequency, 0 is the wave number set as 0 / ( 0 is the angular frequency of the sinusoidal source wave), and the fields were recorded at locations 1 = 1415Δ and 2 = 1424Δ (Δ is the spatial step). In order to expand the range of the FDTD cloaking model from a few Gigahertz to hundreds of Terahertz, it was essential to understand the scope of the simulation parameters. The inner and outer radii of the structure and , cell size in the and directions Δ, the temporal steps Δ , the spatial steps in the -axis and , the courant stability , and the perfectly matched layer width PML were some of the prime parameters taken into consideration and several test analyses were performed. A summary is presented in Table 1 and the simulation geometry is shown in Figure 2 . Due to reflection restraints from the boundaries, the PML layer(s) needed to be kept constant.
The equation that governs the stability of the FDTD system is
where is the speed of light in any medium and is taken to be equal to (= 2.998 × 10 8 m/s 2 ) since light is considered to be propagating through air medium. Altering the stability suggests that the closest to ideal cloaking can be achieved if the stability value is the lowest possible.
However, maintaining a very low value would make the design excessively stringent due to extremely small time step requirements for high frequency values. At the same time, cloaking tends to become more unreliable with higher stability number so it is proposed that the number be not allowed to exceed 0.5 [15] . For this study it is considered to be 0.25. The ratio of the outer radius to inner radius ( / ) has been varied in the same ratio as the cell size and/or the number of time steps taking into account that the structural units of the metamaterial must be substantially smaller than the wavelength being considered [3] . The cell size Δ can be related to the wavelength and hence frequency by
The equation is formed by implying the relevant relationships and test conditions suggested in [10, 12] and modifying it to match the default frequency and cell size values used in [13, 14] . Thus at optical frequencies, the cell size is reduced and the time steps increased accordingly to hold the stability constant at the preconsidered value. Using (8), the stability relation in (7) may be redefined as
where is the frequency of light waves.
It is also suggested in [12] that the ratio of / should be maintained at 2 to obtain reliable cloaking results. To reduce design costs, however, it would be beneficial to set the ratio as close to 1 as possible. The first part of the study here incorporates this idea; three different radii ratios 1.5, 1.75 and 2 are considered for different optical wavelengths in the visible spectrum to observe the level of cloaking for specific colors of light and whether the radii ratio has any impact on the process. For compatibility of the design with our visual capability where the human eye perceives different colors of light simultaneously, the size and hence dimensions of the cloaked object should be constant and not varied with wavelength. This leads to the latter part of the research, where the inner and outer radius of the cloak are fixed and the frequency varied over the entire visible spectrum. To preserve simulation geometry constraints, however, the cell size still needs to be varied with frequency and this in turn requires the number of time steps to be varied so that stability is maintained at the desired value.
The plots in Figures 3-5 depict the changes in the transmitted sinusoidal waveform when no object is present in its path and it has a frequency of 2 GHz, when a cylindrical cloak of = 0.1 m and = 0.2 m is situated in the centre of the simulation geometry with the wave frequency still 2 GHz and when the propagating wave has a frequency of 545 THz with = 0.367 m and = 0.733 m. It is worth noting in Figure 5 that, due to the increase in frequency, the j-axis limits have been doubled for complete observation of the propagating wave from crest to trough. The cloak is also considered to be "lossless" suggesting that there is no degradation in the intensity of the reflected light compared to the incident one. 
Results and Discussion
The model in [13] provides the waveforms of transmitted field, transmitted field beyond the cylindrical slab, that is, the cloaked object, transmission coefficient, reflection coefficient (calculated by subtracting transmission coefficient from unity), and the real and imaginary components of the refractive index. The transmitted fields are determined by averaging the waveforms at various time steps. The transmission and reflection coefficients and refractive indices are calculated at specific optical wavelengths or colors of light as shown in the tables. Tables 2-4 are constructed using three different radii ratios ( / )2, 1.75, and 1.5, respectively. Outputs at a ratio lower than 1.5 are fairly unreliable so they are excluded from this study. Table 5 value should be as close to 0 as possible. For all three radii ratio, red color is cloaked most accurately, with the highest accuracy for = 2 . This high accuracy is obtained again at a wavelength near to aqua but only for a radius ratio of 2. At this same frequency, the accuracy deviates almost 1 percent for = 1.75 and almost 6 percent for = 1.5 . For = 2 , the maximum deviation occurs around indigo light (3.5 percent approximately); for = 1.75 , maximum inaccuracy is obtained at orange light (5.8 percent approximately) and for = 1.5 ; this point occurs at yellow light (8.1 percent approximately). Figure 7 plots transmission coefficients with respect to different optical frequencies. The ideal value is 1 and the behavioral pattern obtained in Figure 6 follows with a few discrepancies, significant of which is the sharp plunge in value to almost 0.68 for blue light at be the dependency of the metamaterial structure and hence its response on the operational frequency [16] . The reduction in the thickness of the metamaterial cloak impacts its overall response and causes incongruous behavior at blue light. The best results overall remain the same as those depicted by Figure 6 ; that is, = 2 shows minimum deviations. index is a complex value (with real and imaginary components) as the structure requires negative values of permittivity and permeability at certain angles of reflection for cloaking. As expected, the refractive indices for each radius ratio are different because light's path of curvature would vary for individual cloak size. These also suggest that the practical design of an optical cloak for a radius ratio of either 2 or 1.75 would be simpler compared to that for 1.5. The deviations in refractive index with respect to frequency are lower so easier to incorporate into the metamaterial structure. With a radius ratio of 1.5 however, the necessity to overcome the anomaly existing from aqua to indigo light would make the design quite complex. Figures 7 and 9 illustrate an additional important aspect, an almost linear relationship between transmission coefficient and real part of refractive index; a clearer presentation of this pattern is demonstrated in Figures 11-13 .
This behavior can be mathematically approximated as ≅ 1.8Re real (for a radius ratio of 2) , ≅ 2.3Re real (for a radius ratio of 1.75) ≅ 2.8Re real (for a radius ratio of 1.5) .
Otherwise, it is correlated as 
where 1 and 2 are constants of proportionality. The development of such equations could simplify the choice of the metamaterial structure and composition for the actual design since only the awareness of the radius ratio would be required (and transmission coefficient can be considered to be the ideal value of 1). Refractive index (real) Figure 11 : Plot depicting an almost linear relationship between the real component of refractive index and transmission coefficient for a radius ratio of 2. If an object has to be completely invisible to the human eye, that is, perfect cloaked, the cloaking structure must not only allow the light to pass through it undisturbed but also ensure that it reflects back to the human eye coherently from what object is present beyond this setup. The incident field, transmission field, transmission field beyond slab, transmission and reflection coefficients, and refractive index versus frequency for red, blue, and green light are plotted simultaneously (Figures 14-18 ) to obtain an understanding of this matter. The radius needs to be held constant for practical purposes and is chosen as an averaged value of those considered in the preceding part of this study for the entire visible spectrum. The output waveforms for the three basic colors appear quite coherent, particularly for the refractive index values, suggesting easier material selection for designing purposes with an expectation of consistent Table 5 .
superposition of all wavelengths. The additional frequency spectrum plots in Figures 14-16 also infer that the structure remains fairly "lossless" and hence the modifications that have been made to the model for optical frequency operations are satisfactory. Plotting further wavelengths of light on these same axes would make it extremely difficult to differentiate each output. Instead, Table 5 and corresponding Figures 19-21 summarize the overall findings. Table 5 . Table 5 and Figure 10 suggest that while it may be possible to observe almost every color of light in the visible spectrum with minor inaccuracy (∼2 to 7 percent) simultaneously, the overall cloaking quality begins to deteriorate from aqua onwards (inaccuracies rising to 10 percent at maximum). Plots in Figures 12 and 13 present another practical design hurdle; since the real part of refractive index is zero and the imaginary part unobtainable for violet light (shown with arrows), the actual cloaking structure will not be able to reflect violet and other optical wavelengths beyond it unless the radii values are altered.
Due to the frequency independent nature of the coordinate transformation functions used in the FDTD model, the range of the operating frequency can be easily expanded from Gigahertz [12] to Terahertz [10] ranges. Also, altering shapes [17] is quite easily achievable. Such factors are influencing the development of numerous cloaking models based on the FDTD method. However, the performance of such structures can be severely affected if they are not operated at the designed frequency [18] . An ideal cylindrical cloak such as the one in [11] has been proved to work properly for monochromatic incident wave, but when excited with nonmonochromatic radiation, they become nonpractical. Also, losses tend to become significant under such circumstances. The findings in this study are consistent with previous researches and show how the performance of the FDTD model is affected if cloaking parameters are not simultaneously altered with frequencies changes. Since losses are incurred, the object will not be "perfectly" cloaked and Table 5. there will be a shadowing effect; that is, the cloak will appear somewhat gray instead of being fully transparent [11, 19] .
Conclusion
A previous study of a two-dimensional cylindrical cloak model in the optical frequency or visible spectrum region has been extended here for different radii ratios. The model uses a Finite Difference Time-Domain Method of cloaking and the behavioral transformation for different inner to outer radii ratios in parameters such as transmitted field before and beyond the cloak, transmission and reflection coefficients, and refractive index with respect to different optical wavelengths is studied. Outcomes suggest that the "cloaking" quality is influenced by not just wavelength values but also the radii ratios. If accuracy is most necessary, it is best to use a radius ratio of 2. However, if design costs and thickness are significant, the ratio can be lowered to 1.75 with minor deterioration in output quality. The results also portray an almost linear relationship between the transmission coefficient and the real component of refractive index with respect to radii ratios, implying that the type of material required for cloaking a specific wavelength of light may be easily found if only the thickness of the cloaking structure is known.
In further investigations, the size of the cloak is kept constant and the wavelength varied to obtain an idea of how light would reflect from an entity beyond the cloaked object and appear to our eyes. Results suggest incoherency in cloaking with an acceptable inaccuracy of around 2 to 10 percent. Moreover, the averaging of output values for three different wavelengths (red, blue, and green) of light Table 5 . Table 5. suggests that these results may be considered acceptable for the real-life scenario where different wavelengths in the visible spectrum exist in a superimposed form. An important issue, however, is that no outputs can be achieved for violet light and beyond. Thus an entity beyond the cloaked object will not be able to reflect violet light with the average radius value used here. Also, the size of this cloak is in the micronano range; for this to increase to a considerable dimension, the parameters, boundary conditions, and mathematical equations that govern this two-dimensional model must be altered in such a way that the output is still stable and reliable while the frequency is sustained in the optical range. These restraints could be overcome if the cloak is constructed from suitable "active" metamaterials.
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